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Abstract

In this paper, we present a stabilized adaptive spectral collocation method. It is designed to solve singularly perturbed
nonlinear boundary value problems. These problems are stiff and generate narrow boundary layers. Reduced
perturbation parameters cause problems for conventional numerical discretization methods. The presented strategy
couples a selective stabilization approach together with an adaptive node refinement procedure, allowing for stability
and accuracy in stiff limit cases. Stabilization is imposed at the level of the discrete operators to dampen undesirable
high-frequency oscillations (spurious waves) and enhance spectral conditioning, while adaptivity rearranges
collocation nodes in an efficient way so that layer-dominated problems can be solved accurately. We conduct a
rigorous stability analysis, which shows uniform discrete stability with respect to the perturbation parameter, and
convergence analysis showing exponential accuracy inpresence of adaptive refinement. Wide-spread numerical tests
on benchmark nonlinear problems demonstrate that the method is able to provide high-accuracy solutions with much
fewer number of degrees-of-freedom than those required by both classical spectral-collocation and low-order
methods. Results additionally demonstrate the reliability of our approach for very small perturbations parameters and
a mild sensitivity to stabilisation and adaptivity parameters. In general, the stabilization of the adaptation spectral
collocation yields an efficient numerical tool for solving singularly perturbed nonlinear boundary value problems and
paves way for potential extensions to more complicated multi-scale systems.

Keywords: Singular perturbations; Spectral collocation; Adaptive refinement; Numerical stabilization, Boundary
layers; Nonlinear boundary value problems

1. Introduction
1.1 Background on Singularly Perturbed Nonlinear Boundary Value Problems

Many aspects of applied mathematics, physics, and engineering include motivation and applications for studying
singularly perturbed nonlinear boundary value problems. See for example [1].Such problems are, usually subject to
the influence of one or more small positive parameters in front of the highest-order derivatives and totally change (in
a qualitative sense) the behavior of solution [2]. As the perturbation parameter goes to zero, the differential operator
governing these equations degenerates so that solutions oscillate rapidly in narrow regions of space and are smooth
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elsewhere. This kind of problems are often encountered in fluid mechanics, chemical reaction—diffusion systems,
semiconductor-device modelling, heat conduction with smallinertia-distributed effects and optimal control theory [3].
Mathematically, the existence of a small perturbation parameter leads to multiscale behaviour that is in general
beyond the scope of classical asymptotics or numerics unless properly cared for. The solution frequently has a smooth
part, which solves a limit problem obtained by formally replacing the perturbation parameter with zero, and one or
more boundary layer parts reflecting the compatibility of imposed boundary conditions. It is clear that such boundary
layers can be present close to one of the boundaries, on both, or inside the domain (asymptotic solutions tend to
regular solution only in a double layer sense) depending upon the system and nature of some nonlinear terms as well

[4].

The equation becomes nonlinear and this further complicates the study and numerical treatment of singular
perturbation problems. In contrast to the linear case (where the boundary layer can often be given an explicit
description), in nonlinear BVP's one may obtain solution-dependent layer locations, variable thickness of layers etc.,
or interaction of several layers. As a consequence, the question of existence, unicity and stability of numerical
approximations is considerably more difficult. Conventional approaches of discretization working off the shelf often
achieve poor spatial approximation of sharp gradients or even spurious oscillations and divergence (c.f., [5]). As a
consequence, there is an ongoing interest in the construction of numerical methods with robustness with respect to
the perturbation parameter and efficiency in realizing boundary layers. High-order methods such as spectral and
spectral collocation methods appear particularly advantageous because of their enhanced approximtation properties
for smooth solutions. But, their effective application to singularly perturbed nonlinear boundary value problems need
stability, conditioning and adaptivity considerations [6], which are the motivation of our work.

1.2 Challenges Posed by Stiffness and Boundary Layers

In singularly perturbed nonlinear boundary value problems, stiffness due to the small perturbation parameter is the
overwhelmingly dominant numerical challenge. As it approaches zero, the differential operator separates out spatial
scales by large distances and very steep gradients of solution in boundary layers. It appears thus, that traditional
discretization approaches are forced to use excessively fine meshes for the estimation of these gradients, which will
develop very large algebraic systems and great amounts of computation [7]. Boundary layers also result in strong
gridsensitivity. Even small errors at locations of steep gradients can propagate in potential over the entire
computational domain and so deteriorate the quality of computed global solutions. For non-linear problems the
solution's coupling of magnitude and derivative terms results in sensitivity that can lead to numerical non-convergence
or instabilities. In addition, stiffness causes deterioration of the discrete systems to be solved, adversely affecting the
behavior of iterative solvers and constraining the maximum attainable precision [8].

1.3 Limitations of Classical Spectral and Collocation Methods

Exponential convergence of classical spectral and spectral collocation methods for boundary layers is well known.
Performance suffers. Distributed collocation nodes do not characterize local steep behavior, resulting in Gibbs
oscillations and inaccuracies.It is not sufficient to only increase the polynomial order to address this problem and it
frequently causes numerical instability caused by ill-conditioned differentiation matrices 9. Also, in the community
standard spectral collocation formulations do not include a built-in stabilization. When used for stiff singularly
perturbed problems, the methods do not yield stablizable solutions unless excessive resolution is employed which
destroys their computational efficiency. These constraints limit the utility of classical spectral methods in boundary-
layer-dominated systems [11].

1.4 Motivation for Stabilization and Adaptivity

To remedy such deficiencies, stabilization and adaptivity are indispensable. They can stabilize these oscillations and
also provide better conditioning of the discrete system leading to robustness in the stiff regime. Adaptative node
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refinement extend the possibility of focusing collocation points at the transition layers, to compute solution without
over-refining globally. The above two approaches provide a rational route towards stable high order accuracy.

1.5 Main Contributions of the Paper

In this article we present a stabilized adaptive spectral collocation method tailored for singularly perturbed nonlinear
boundary value problems. This method adds a stabilization to the spectral collocation and uses an adaptive node
distribution rule based on the solutions behavior. Stability and convergence analyses are developed in detail, and the
efficiency of the proposed scheme is tested through some typical numerical experiments.

1.6 Organization of the Paper

The rest of this paper is organized as follows. After some preliminaries in Section 2, we present in Section 3 the
formulation of the problem and some mathematical background. We first review classical spectral collocation
methods in Section 3, and also point out some of their limitations. The stabilized adaptive spectral collocation method
is described in Section 4. 5 Adaptive node refinement The adaptive node re_nement strategy is described in Section
5. Stability and convergence results are established in Sections 6 and 7. Some numerical experiments are given in
section 8 and the discussion as well as concluding remark are presented in sections 9,10.

2. Mathematical Preliminaries and Problem Formulation
2.1 Definition of Singular Perturbation Parameters

The analysis and numerical behaviour of boundary value problem are governed by the singular perturbation
parameters. In the language of differential equations, we call a problem singularly perturbed if there is a small
parameter (usually represented by €) multiplying the highest-order derivative. Unlike the classical perturbation
problems where the solutions can be continuously deformed as a function of the order ¢, singular perturbations
essentially change (as & — 0)the structure of the operator eigenvalue problem to be solved. This decay results in a
loss of boundary conditions for the reduced problem, and requires that boundary layers be introduced to compensate
[12-14]. From mathematical point of view, the singularity of the perturbation is due to that the limiting problem (the
equation obtained after eis set equal to zero) has lower differential order than the initial one. For this reason,
perturbation expansions longitudinal eigenfunction fail to be uniformly valid throughout the whole domain. As a
result, the perturbation parameter € introduces several spatial scales in the solution, given that the layer thickness is
generally of order € (to some power). The exact scaling depends on the coefficients of the DE as well as the form of
the nonlinear terms [15]. Numerically, we expect the small perturbation parameter to create stiffness through large
differences in eigenvalues for the (partially) discretized operator. This stiffness is a very strong limitation on stability
of numerical algorithms, and needs to be takeninto account in algorithmic design in order to obtain uniform respect
with regard to €. Hence a satisfactory numerical method for such problems should take into account the influence of
the singular perturbation parameter not only in the analysis, but also in implementation[16-17].

2.2 Model Nonlinear Boundary Value Problems

This paper focuses on one specific type of nonlinear singularly perturbed boundary value problems in a bounded
interval, and aims to provide the basis of interpretation. The form under consideration is [18-20].

eu'" (x) + a(x, u(x)u'(x) + b(x,u(x)) = f(x),x € (0,1), 2.1
subject to boundary conditions

u(0) =a,u(l) =4, 2.2
where 0<e«1, and the functions a, b, and f are smooth enough. This class of problems is different from linear singular
perturbations because the coefficients depend on the unknown solution in a nonlinear way. This makes the problems
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much harder to solve both analytically and numerically. These kinds of formulations can be used in many different
ways, such as in convection-diffusion-reaction models and nonlinear transport phenomena. Depending on the sign and
size of the convective term a(x,u), boundary layers may form near one or both of the boundaries. In certain instances,
internal layers may also emerge as a result of alterations in solution behavior caused by nonlinear effects. The
nonlinear structure means that, in general, we can't figure out what the boundary layer properties are ahead of time.
They rely on the solution that is changing, which makes both mesh design and error estimation more difficult. These
features make the selected model problems especially good for testing stabilized and adaptive spectral collocation
strategies [21-23].

2.3 Boundary Layer Characteristics and Stiffness Analysis

Boundary layers are small areas where the solution changes quickly over a very small area. For singularly perturbed
problems, the thickness of these layers is usually proportional to € or a function of the perturbation parameter that is
related to €. The solution behaves smoothly outside of the layer regions, and low-order models can often give a good
idea of what it is. The presence of both smooth and highly oscillatory areas makes the numerical problem stiffer.
Stiffness occurs due to the differential operator comprising terms with significantly disparate magnitudes, resulting in
inadequately conditioned discrete systems. The diffusion term multiplied by € competes with convective and nonlinear
reaction terms, leading to sharp gradients that standard discretizations struggle with. Stiffness, from a spectral
perspective, produces high condition numbers, along with low stability margins, in differentiation matrices. In the
presence of boundary layers that aren’t resolved, oscillations may arise and disrupt the global approximation. Improper
use of stabilization and adaptive refinement may cause divergence of numerical solutions for decreasing €. Proficient
numerical schemes [24-28] require a thorough understanding of boundary layers and stiffness.

2.4 Regularity Assumptions and Solution Behavior

This study makes standard hypotheses about the coefficients and forcing terms in the equations. Specifically, we can
assume that a(x, u), b(x, u), and f(x) are smooth and satisfy Lipschitz continuity with respect to the solution variable.
Under these hypotheses, we can assert that classical solutions exist and are unique for €>0. Although the data is
smooth, the solution is typically irregular (possible with inversion). We can observe a solution that is smooth and
regular outside of regions of inversion, but the derivatives of the solution may not converge to a defined limit as ¢
tends to zero. Irregularity constrains the quality of approximations and requires particular numerically intensive
methods of calculation. Irregularity is further complicated by the dependence of f and the coefficients on the solution.
In more complicated boundary value problems, the regions of inversion may be thick and irregular, and may be
combined or multiple. Flexibility of the method of calculation is an essential consideration, although it should be
stable and consistent. [29-30].

2.5 Notation and Functional Spaces

This article employs standard Sobolev spaces and outlines the behavior of regular solutions. The space L2 (0,1)
includes the functions whose square integrals are finite, and H*k (0,1) is the Sobolev space of functions whose
derivatives are also integrable up to the kth order. The symbols [I-|| and (:,-) denote the norm and inner-product,
respectively, and the use of subscripts helps to clarify. Spaces for polynomial approximations are defined with global
basis functions associated with the spectral methods. The space P_N denotes the space of all polynomials having
degree N or less. Standard distributions are used for the selection of collocation nodes in the absence of a specific
distribution. Proper subscripts distinguish between the discrete operators and numerical approximations, and the
continuous operators. All symbols and parameters are defined the first time they are introduced, and will be used
uniformly throughout the paper. This notation framework is useful for the rest of the paper, which includes stability
analysis, adaptive strategy implementation, and numerical experiments, as referenced in [31-32].
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3. Review of Spectral and Collocation Methods for Singular Perturbations
3.1 Classical Spectral Collocation Approaches

Spectral collocation methods are a well-known group of high-order numerical methods used to find approximate
solutions to differential equations. The main idea is to show the unknown solution as a global polynomial expansion
and to make the governing differential equation hold at a limited number of collocation points. Spectral collocation
schemes use global basis functions, which is different from finite difference or finite element methods. This lets them
reach exponential convergence rates for problems with solutions that are smooth enough. In the classical formulation,
a polynomial of degree N is used to approximate the solution, and the differential operator is discretized by evaluating
the polynomial's derivatives at certain collocation nodes. By applying the differential equation pointwise at these
nodes and making sure that the boundary conditions are exactly met, we get the system of algebraic equations we
want. This method is appealing because it is easy to understand, very accurate, and easy to use for one-dimensional
problems. Spectral collocation methods have worked very well for regular boundary value problems and are widely
used in scientific computing. But using them on problems with only one perturbation is very hard. Because polynomial
approximation is global, it is hard to capture localized phenomena like boundary layers without using too much
resolution. Because of this, classical spectral collocation methods might not work as well when used directly on
singularly perturbed nonlinear boundary value problems [33-35].

3.2 Polynomial Basis Selection (Chebyshev and Legendre Polynomials)

For spectral collocation, selection of polynomial basis is crucial. Two of the most common polynomial bases are
Chebyshev and Legendre polynomials. Depending on the collocation prescription, Chebyshev polynomials can
operate at Gauss-Lobatto or Gauss-Radau collocation points, which can help boundary layer resolution. Legendre
polynomials are orthogonal to a uniform weight function, and are used with Gauss or Gauss-Lobatto nodes. Within a
variational context, Legendre polynomials are extremely useful, especially for spectral element methods. Also, in the
context of construction of collocation nodes using Legendre polynomials, boundary layers can pose a significant
challenge. While Chebyshev and Legendre collocation methods are different, they face a similar challenge on
singularly perturbed problems, caused by the fixed global nature of the basis. Boundary layers require high polynomial
order (which then leads to deteriorating differentiation matrix condition issues, especially in stiff problems) [36-38].

3.3 Known Stability Issues in Stiff Regimes

Using spectral collocation methods in singularly perturbed problems causes additional issues surrounding stability. As
the perturbation parameter is reduced, the discretized operator becomes increasingly stiff. This corresponds with larger
condition numbers, making the operator hostile to numerical errors. Due to the global coupling of spectral methods,
errors propagate throughout the entire domain. In these scenarios, boundary layers that are not resolved can produce
spurious oscillations throughout the domain that are similar to Gibbs phenomena. These oscillations are persistent and
easily observable, even with increased polynomial order. This further indicates the poor coupling between the
discretization and the structure of the solution. The discrete opera-tor can also have eigenvalues that are not uniformly
located, and a pore region can be formed. This reduces the stability of both direct and iterative solver methods. Due
to the coupling of nonlinear effects and time-dependent stability, classical spectral collocation methods are unlikely
to be uniformly convergent with respect to the perturbation parameter and will not be applicable to problems with
steep boundary layers [39-42].

3.4 Existing Stabilization and Mesh Refinement Strategies

An abundance of ideas in the literature aim to stabilize and improve mesh quality. Such ideas tend to resolve problems
regarding stability and resolution. Adjustment of a discrete operator to dampen high-frequency oscillations and/or
improve conditioning, fall under the category of stabilizing methods. These methods might include spectral filtering,
artificial diffusion, and/or penalty terms. While these methods might strengthen a system, if not correctly implemented,
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they might reduce the system’s accuracy. Mesh refinement methods effect resolution by repositioning collocation
points to regions of the mesh containing rapid changes in the solution. Layer-adapted meshes and coordinate
transformations are methods utilized to bring collocation points closer to the mesh boundaries where mesh layers are
expected. Fully adaptive methods using a-posteriori error indicators are more flexible since they change based on
solution features. However, many of the methods currently utilized rely on low-order frameworks and do not capitalize
on the full extent of spectral accuracy. Integrating stabilization and adaptivity with spectral collocation methods
remains a challenge, more so in the case of nonlinear problems that lack a priori defined layered solutions [43-45].

3.5 Identified Research Gaps

Many areas remain unexplored in the numerical treatment of singularly perturbed nonlinear boundary value problems
using spectral collocation methods. Most notably, a comprehensive strategy integrating stability, adaptivity, and
nonlinearity has not yet been proposed. Most methods focus either on stabilization or on the refinement of the mesh.
Beyond that approach, few, if any, take into consideration the effects of stabilization and adaptation in the context of
a high-order spectral framework. Furthermore, the development of stability and convergence analyses for collocation
methods remains largely unexplored. These shortcomings motivated the development of the method that is proposed
in this work, the stabilized adaptive spectral collocation method.

4. Stabilized Adaptive Spectral Collocation Framework

This part discusses the stable adaptive spectral collocation framework for nonlinear boundary value problems with
one perturbation. The formulation is developed in a systematic fashion beginning with the general idea, followed by
the stabilization mechanism, the modified collocation formulation, and concluding with the considerations of
consistency and convergence. Here, language and notation align with the established writing and speaking
conventions.

4.1 Overview of the Proposed Methodology

We plan to create a technique that maintains the high-order accuracy of spectral collocation methods despite boundary
layer behaviors caused by stiff systems and problems caused by the presence of singular perturbation parameters.
Additionally, the technique is meant to be stable and confident. To achieve this, the method integrates two components:
the adaptive redistribution of collocation nodes according to the behavior of the solution and stabilization at the level
of a discrete operator. The method is complemented with an adaptive global polynomial projection of the physical
solution u(x) along the domain [0, 1]. The proposed method shifts collocation node positions based on solution
behavior, which is a departure from spectral collocation methods. While collocation methods handle smooth regions
with many nodes, the proposed method resolves boundary layers with high concentrations of collocation nodes.
Smooth regions with collocation nodes and perturbation parameters are subject to stabilization to address numerical
oscillations and problems with solution conditioning. The stabilization mechanism preserves the spectral accuracy of
the method in smooth regions by acting selectively on unresolved high-frequency components rather than introducing
excessive artificial diffusion.

4.2 Stabilization Mechanism for Spectral Collocation
Consider the singularly perturbed nonlinear boundary value problem introduced earlier,

eu'" (x) + alx, u(x))u'(x) + b(x,u(x)) = f(x),x € (0,1), 4.1
with boundary conditions u(0) = eand u(1) = .

Differentiation matrices built from global polynomial bases are used in classical spectral collocation to approximate
the second derivative u" (x). While the discrete operator stays globally coupled, the diffusion term's contribution
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becomes localized within boundary layers as € decreases. Spurious oscillations and poor conditioning result from this
mismatch. A stabilization operator S N is added to the discrete formulation in order to solve this problem. One way
to express the stabilized continuous operator is as

Lou(x) + Syu(x) = f(x), 4.2)
where L. denotes the original differential operator in (4.1), and Syrepresents a stabilization term that depends on the
polynomial degree N. The stabilization operator is constructed to penalize unresolved oscillatory modes without
altering the consistency of the method. A typical form of Syis given by

Syu(x) = oy (I-Ty_)u(x), (4.3)
where I1y_,denotes the projection onto the space of polynomials of degree at most N — 1, Iis the identity operator,
and gy > Ois a stabilization parameter. Equation (4.3) implies that stabilization acts only on the highest polynomial
modes, which are most susceptible to numerical oscillations. The parameter oyis chosen to depend mildly on Nand
the perturbation parameter €, ensuring that stabilization vanishes asymptotically as the solution becomes well resolved.

4.3 Modified Collocation Formulation

Let {x;}Y_,denote the adaptive collocation nodes on [0 1], and let uy (x)be the polynomial approximation of degree
N,
N
W) =) Gé, (@4
j=0
where {d)j}are global basis functions associated with the chosen spectral discretization. The stabilized adaptive

spectral collocation formulation is obtained by enforcing the stabilized equation (4.2) at the collocation nodes,

suy (x;) + alxg, uy ())uy () + b(x, uy (%)) + Syuy(x) = f(x), i =1,..,N— 1. 4.5)

Equation (4.5) represents a nonlinear algebraic system for the coefficients {cj}. The boundary conditions are imposed
strongly by replacing the equations at xyand xywith

uy(xo) = a,uy(xy) = . (4.6)
The inclusion of Syuy (x;)in (4.5) modifies the discrete operator without altering the continuous problem. Importantly,
the stabilization term is evaluated consistently at the adaptive collocation nodes, ensuring that stabilization remains
compatible with node redistribution. Based on the values computed from (4.5) residual indicators form the basis for
the adaptive component of the framework in updating the node set {x i }. When the residual is above a certain
tolerance/smoothness is preserved in the solution, for some regions, a node set may be coarsened.

4.4 Consistency and Convergence Considerations

Consistency of the stabilized adaptive spectral collocation method requires that the stabilization operator disappears
in the limit of precise resolution.

Formally, if uis sufficiently smooth and belongs to the polynomial space Py, then

Syu(x) = 0. 4.7
Equation (4.7) ensures both that the stabilization mechanism does not generate a modeling error and that the discrete
formulation retains consistency with the original differential equation. Convergence analysis is conducted under
standard regularity assumptions on the exact solution. Let udenote the exact solution of (4.1), and let uybe the
stabilized adaptive spectral approximation. The error ey, = u — uysatisfies the estimate
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len 2001 C(Ihw = Myt N2y 1 Swttw li2o)), (4.8)
where Cis a constant independent of Nand €.

The spectral approximation error is represented by the first term on the right side of (4.8), and for smooth solutions,
it decays exponentially. The impact of stabilization is measured by the second term. By design, this term rapidly
diminishes as boundary layers are resolved by adaptive refinement, preventing stabilization from controlling the error.
Adaptive node refinement achieves uniform convergence with respect to € when boundary layers are present. The
error bound can be written as follows under suitable refinement criteria:

Il en l;2¢0,1)< Cexp (—KkN.g), 4.9)

where N gdenotes the effective number of nodes concentrated in layer regions and k > 0Ois a problem-dependent
constant. The exponential decay is bounded by (4.9) which exhibits that exponentially accurate rates can be
re-covered once boundary layers are sullciently resolved in the h-Least-Squares (hLS)/ energy-norm LeastSquares
streamline dilJusion formulations. This stabilization mechanism allows to keep intermediate iterations stable also
when the resolution of the layer is not full. Eventually, the stabilized adaptive spectral collocation scheme is
consistency and stability combined with high convergence order via selective stabilization along dynamic node
refiment. This combined method provides a solid and thorough foundation for the numerical solution of singularly
perturbed nonlinear boundary value problems and supports the subsequent theory and preliminary investigations.

5. Adaptive Node Refinement Strategy

Adaptive node refinement strategy in the stabilized spectral collocation framework introduced in this paper is
presented in this section. The aim of adaptivity is to provide sufficient resolution in small scale features such as
boundary layers or shocks while simultaneously preserving the global high order accuracy that makes spectral
methods attractive. Key components of the strategy include robust error indicators, motivated node redistribution
operations, efficient spectral basis integration, and a clear algorithmic framework.

5.1 Error Indicators for Boundary Layer Detection

The adaptive process needs quantitative criteria to locate where the numerical approximation is poor. For scalar
singular perturbation problems boundary layers present themselves as high gradients and in particular, a localized
residual. Residual-based error indicators are therefore used because they are robust and can be computed easily in
collocation schemes. Let uy (x) be the stabilized spectral approximation computed on current collection of collocation
nodes. The pointwise residual of the equation is given by

Ry(x) = euy(x) + a(x, uy (x))uy (x) + b(x, uy (x)) — f(x). (5.1
Equation (5.1) measures the local defect of the numerical solution with respect to the differential equation. In regions
where the solution is well resolved, the residual remains small. Conversely, sharp increases in Ry (x)indicate
insufficient resolution, which typically corresponds to boundary layers or steep transition zones. To obtain a scalar
indicator suitable for adaptivity, a localized error measure is defined over subintervals [x;_;’ x;],

n; =f i [Ry(x) | dx. (5.2)

Equation (5.2) aggregates the residual magnitude over each subinterval, providing a localized indicator that reflects
both the intensity and spatial extent of unresolved features. Subintervals with large values of n;are flagged for
refinement, while those with small values may be candidates for coarsening.
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5.2 Adaptive Node Redistribution Principles

After calculating error indicators, collocation nodes must be distributed in a way that balances spectral accuracy with
sufficient resolution. This adaptive approach prioritizes error node concentration in high-error areas, with smooth
redistribution elsewhere, ensuring global polynomial approximation is preserved. Let {n;}denote the set of error
indicators. A refinement criterion is defined as

n; > 6max n;, (5.3)
j
where 0 < 8 < 1is a user-defined threshold.

Equation (5.3) determines the subintervals where the error exceeds a defined threshold, specifically a certain
percentage of the maximum residual. These subintervals may be omitted from an iterative improvement process. In
these sections, new nodes may be created by splitting existing nodes, or by moving nodes. To help maintain a balance
between numerical stability and clustering, a monitoring function M(x) is employed to control the redistribution of
the nodes.

M(x) =14y luy(x) ], 54
where y > 0 controls the sensitivity to solution gradients. In equation (5.4), boundary layers correspond to regions of
larger derivatives, which receive higher weights. The new node distribution {x}*"}is then obtained by equidistributing
the cumulative monitor function,

xpew -
f M(x) dx =if M(x)dx,i =0,...,N. (5.5)
0 N 0

Equation (5.5) ensures that nodes cluster where M(x) is large and are evenly distributed elsewhere. This method helps
reduce rapid changes in spacing to keep the spectrum accurate.

5.3 Coupling Adaptivity with Spectral Bases

Combining node redistribution with global polynomial bases is a significant issue with adaptive spectral collocation.
Unlike local discretization techniques, global spectral methods rely on basis functions that span the entire domain.
Consequently, adaptivity must be implemented without destroying orthogonality or approximation properties. In the
proposed framework, adaptivity is applied at the level of collocation nodes rather than by changing the polynomial
basis itself. The spectral approximation space Pyremains unchanged, while the evaluation points are updated
adaptively. The approximation is expressed as

N

W) =Y G, (56)

Jj=0
where {d) j}denote fixed global basis functions.

Equation (5.6) underlines the fact that adaptivity influences only the collocation grid, but not the polynomial
expansion. Differentiation matrices and interpolation operators in the new nodes are recalculated after redistribution
of the nodes. This methodology retains the exponential approximation capabilities of spectral methods and it allows
for local refinement of resolution. The stabilization operator itself, that has been introduced before, is recalculated (in
order to maintain the numerical stability) based on the new node distribution. This coupling guarantees that
stabilization and adaptivity work together: stabilization kills off unresolved oscillations at intermediate refinement
levels, but essentially becomes irrelevant as thick layers become resolved.

5.4 Algorithmic Implementation Details

The adaptive refinement process takes place over a series of steps. Each iteration encompasses the solution finding

step along with error estimation, node redistribution, and stabilization updates. The algorithm proceeds as follows:
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1. Initialization
An initial set of collocation nodes {xi(o)}is selected, typically based on standard Chebyshev or Legendre

distributions. The stabilization parameter and tolerance thresholds are initialized.

2. Solve the Stabilized Collocation System: At iteration k, the stabilized collocation equations are solved on

the current node set {xi(k)}to obtain uI(Vk) (x).

3. Residual Evaluation: The residual RI(VR) (x)is computed using

Ry’ () = e(uy))" (0 + alouy) )y () +bGouy’ () = f(). - (5.7)
Equation (5.7) provides the basis for assessing local approximation quality.

4. Error Indicator Computation: Local indicators ni(k) are computed according to (5.2). These indicators guide
the refinement decision.

5. Node Redistribution: If the refinement criterion (5.3) is satisfied, a new node distribution is generated using

(k+1)}.

i

the monitor function (5.4) and equidistribution principle (5.5). The updated nodes are denoted {x

6. Convergence Check: The adaptive process terminates when

max n® < TOL, (5.8)

where TOL is a level of tolerance that is set. (5.8) shows that the residual is evenly bounded in Q. The algorithm
makes sure that this refinement is only applied to areas where it is needed, which saves processing power. The
combination of stabilization and adaptivity also makes sure that intermediate iterates are stable even before the
boundary layers are fully resolved. As a result, we can conclude that the proposed spectrally solved collocation
framework with the adaptive sub-node refinement approach is efficient and robust in capturing boundary layer
dominated solutions. By utilizing residual-based indicators, smooth node redistribution, and consistent coupling with
spectral basis functions the approach gains both high accuracy and numerical stability without dependence on the
perturbation parameters.

6. Stability Analysis

In this section, we investigate the stability of the proposed stabilized adaptive spectral collocation method. The
discrete stability of the scheme is analysed, stiffness and spectral conditioning considerations are addressed, the
effects of actuator/sensor placement on the stabilization parameters are outlined and numerical results are presented
including comparisons with classical non-stabilised collocation methods. Boundedness refers to the stability of the
numerical solution with respect to perturbations in both data and discretization.

6.1 Discrete Stability Properties of the Proposed Method

Discrete stability requires that the numerical solution remain bounded under small perturbations of the input data and
round-off errors. Let uy (x)denote the stabilized spectral collocation approximation obtained from the discrete system

Lo nuy + Syuy = fy, (6.1)
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where L, yis the discrete operator corresponding to the singularly perturbed differential operator and Syis the
stabilization operator. Equation (6.1) represents the fully discrete stabilized system. Stability is assessed by examining
the invertibility and boundedness of the operator L, y + Sy. A discrete stability estimate of the form

luy Nz = CI fn l20,1) (6.2)
is required, where Cis a constant independent of the perturbation parameter €. Equation (6.2) guarantees that the
numerical solution does not grow uncontrollably as € = 0. In the proposed method, this bound is achieved through
the stabilizing contribution of Sy, which suppresses high-frequency numerical modes that are poorly controlled by the
diffusion term when ¢is small.

6.2 Spectral Conditioning and Stiffness Mitigation

A major source of instability in spectral collocation methods for singularly perturbed problems is poor conditioning
of differentiation matrices. Let D® denote the second-order differentiation matrix associated with the spectral basis.
In classical collocation, the discrete operator takes the form

L34 =eD@® + AyDW + By, (6.3)
where Ayand Byare diagonal matrices arising from discretization of the nonlinear coefficients. Equation (6.3)
highlights that as ¢ — 0, the contribution of €D ®becomes negligible, while the large eigenvalues of D @still influence
conditioning. This imbalance leads to large condition numbers and numerical stiffness. In the stabilized formulation,
the discrete operator becomes

L3 = D@ 4 4, DD 4 By + 5y, (6.4)
where Syis the matrix representation of the stabilization operator. Equation (6.4) shows that stabilization modifies the
spectral properties of the operator by shifting problematic eigenvalues away from the imaginary axis. As a result, the
condition number of L;f'j‘\}’satisﬁes

K(LER) < C NP, (6.5)
for some moderate exponent p, independent of €. Equation (6.5) demonstrates that stiffness is effectively mitigated,
ensuring numerical robustness even for very small perturbation parameters.

6.3 Influence of Stabilization Parameters

The effectiveness of stabilization depends on the appropriate selection of the stabilization parameter gy. Recall that
the stabilization operator is defined as

Snvuy = on(I = My_1)uy, (6.6)
where I1y_;denotes the projection onto lower-order polynomial modes. Equation (6.6) shows that stabilization only
affects the highest spectral modes. The parameter gy controls the strength of this action. If oy is too small, unresolved
oscillations persist, compromising stability. Conversely, excessive stabilization may degrade accuracy.

To balance these effects, ayis chosen such that

oy = O(N™9), (6.7)
with g > 0.

Equation (6.7) ensures that stabilization decreases with increased resolution while retaining consistency and higher
accuracy. Numerical evidence shows that this scaling produces stable solutions and retains spectral convergence in
smooth areas.
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6.4 Comparison with Non-Stabilized Spectral Collocation

To highlight the advantages of the proposed method, it is instructive to compare it with classical non-stabilized spectral

collocation. Let ujidenote the solution obtained from the unstabilized system

LN = fy. (6.8)
Equation (6.8) lacks any mechanism to control high-frequency errors. As a result, stability deteriorates rapidly as
edecreases. This behavior is reflected in the bound

I uy’ 20,0y C(&) Il fv N2 0,0y (6.9)
where C(e¢) grows unbounded as ¢—0. The absence of uniform stability in classical spectral collocation is
demonstrated by Eq. (6.9). So the damped formulaion (2.8) also satisfies the uniform bound (6.2), which is evidence
of stiffness robustness. Non-stabilized techniques also generally suffer from spurious oscillations in the vicinity of
boundary layers. Because of the non-local property of spectral bases, these oscillations infect the global solution. The
method proposed suppresses such oscillations selectively stabilized and adaptively refined, yielding qualitatively and
quantitatively better results.

6.5 Summary of Stability Findings

It is shown in the stability analysis that the stabilised adaptive spectral collocation method attains uniform discrete
stability with respect to the singular perturbation parameter. Stabilisation leads to better spectral conditioning,
reduced stiffness, and guarantees of the well-posedness of the numerical solution. The effect of stabilization
parameters is neatly balanced, consecutively defining the accuracy and robustness. For comparison with non-
stabilized spectral collocation, the current approach demonstrates a clear stabilizing effect and thus forms a firm base
for solution of singularly perturbed nonlinear BVPs.

7. Convergence and Accuracy Analysis

This section investigates the convergence and the accuracy of the proposed stabilized adaptive spectral collocation
method. The analysis considers error bounds with adaptive refinement, the behavior of the method as the singular
perturbation parameter increases, the ability of the method to capture boundary layers, and the complexity of the
method. The structure of the discussion ensures both accuracy and robustness in all stiff regimes.

7.1 Error Bounds under Adaptive Refinement

Let u(x)denote the exact solution of the singularly perturbed nonlinear boundary value problem, and let
uy (x)represent the numerical approximation obtained using the stabilized adaptive spectral collocation method. The
total approximation error is defined as

en(x) = u(x) —uy(x). (7.1)
Equation (7.1) delineates the exact solution from the numerical solution at a given point. When analyzing the
convergence of numerical solutions, the error is decomposed into two components: the interpolation error and the
discrete error.

ey = (u—Tyuw) + (IIyu —uy), (7.2)
where Ilydenotes the spectral projection onto the polynomial space of degree at most N. Equation (7.2) separates the
approximation error into a best-approximation term and a numerical discretization term. Under adaptive refinement,
the collocation nodes are redistributed to align with regions of high solution gradients. As a result, the interpolation
error satisfies the bound
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Il u—Tyu llzq)< Crexp (—alNeg), (7.3)
where N,gis the effective number of nodes concentrated in regions of rapid variation, and a > 0Ois a constant depending
on solution regularity. Equation (7.3) indicates that exponential convergence is retained provided that adaptive
refinement sufficiently resolves boundary layers. The discrete error component is controlled by the stability estimate
established earlier, leading to

I TIyu —uy 20y =< Co Il Syuw N2,y (7.4)
where Sy represents the stabilization operator. As seen in (7.4), the effect of stabilization becomes less significant with
greater resolution refinement, ensuring that the adaptivity of the procedure does not affect its accuracy.

7.2 Asymptotic Behavior with Respect to Perturbation Parameters

A crucial condition for the numerical methods used in singularly perturbed problems is the uniform convergence with
respect to the perturbation parameter €. The proposed method aims to achieve error bounds that are independent of &
tending to 0. Given the appropriate regularity conditions, the overall error is bounded.

I ey ll,2¢01)< C(exp (—aNegy) + €F), (7.5)
where § > 0 depends on the smoothness of the reduced solution. Equation (7.5) shows that the main source of error
is not the small perturbation parameter itself, but rather the lack of resolution. The exponential term is the most
important part of adaptive refinement, which increases N and gives the same level of accuracy across a wide range
of evalues. The stabilization mechanism is important because it keeps intermediate solutions from going too far, even
when ¢ is very small. This property sets the proposed method apart from traditional spectral collocation methods,
which often have error constants that grow without limit as e—0.

7.3 Resolution of Boundary Layers

Accurate resolution of boundary layers is essential for achieving reliable convergence. Boundary layers are
characterized by steep gradients, typically of order O(e~1). In such regions, uniform node distributions lead to poor
approximation quality. The adaptive strategy concentrates nodes according to gradient-based indicators, ensuring that
the local mesh spacing h,y.,satisfies

hlayer ~ 0(5) (76)
Equation (7.6) describes a condition in terms of discretization, that ensures the numerical model will resolve the
characteristic width of the boundary layer. Under this discretization, the local interpolation error in the layer fulfills
the following condition:

I en ”1ayerS CeXp (_aNlayer)' (77)
where Nj,y.denotes the number of nodes allocated to the boundary layer region. Equation (7.7) shows that once enough

nodes are added to a layer, local exponential accuracy is recovered. In the absence of the boundary layer, the solution
remains smooth, and even fewer nodes are required to achieve accuracy. This strategy of selective resolution is the
main benefit of the adaptive spectral framework.

7.4 Computational Complexity Considerations

The computational complexity of the proposed method is influenced by both the spectral discretization and the
adaptive refinement process. For a fixed polynomial degree N, assembling and solving the stabilized collocation
system typically requires

O(N?) (7.8)

204

INTERNATIONAL JOURNAL OF INVENTIONS IN ENGINEERING AND SCIENCE TECHNOLOGY


http://www.ijiest.in/

International Journal of Inventions in Engineering & Science Technology http://www.ijiest.in

(JIEST) 2026, Vol. No. 12, Issue 1, Jan-Dec e-ISSN: 2454-9584; p-ISSN: 2454-8111

operations due to dense differentiation matrices. Equation (7.8) reflects the inherent cost of global spectral methods.
However, adaptivity significantly reduces the required polynomial degree by allocating nodes efficiently. As a result,
the effective computational cost becomes

O (N, (7.9)

where N < Nfor problems dominated by localized boundary layers. As a consequence, Eq. (7.9) shows that
adaptive refinement increases the speed by refining only where it is needed and not using global resolution without
necessity. Furthermore, stabilisation improves robustness of solvers by reducing the number of nonlinear iterations
needed to obtain a solution. In conclusion, the convergence analysis verifies that the new stabilized adaptive spectral
collocation method provides exponential accuracy under adaptive mesh-refining, retains uniform convergence with
respect to the perturbed parameter and resolves boundary layer phenomena very well. These properties are achieved
at a reasonable computational cost which makes the method suitable for stiff singularly perturbed nonlinear boundary
value problems.

8. Numerical Experiments

This section details a complete suite of numerical experiments with the aim of analyzing the accuracy, stability, and
robustness of the proposed stabilized adaptive spectral collocation method. These experiments are centered on
benchmark singularly perturbed nonlinear boundary value problems on boundary layer dominated test cases,
competing methodologies, and sensitivity to adaptive and stabilization parameters. All numerical results are obtained
using double-precision arithmetic, and convergence is assessed in standard L?and L®norms.

8.1 Benchmark Singularly Perturbed Nonlinear Problems

The first group of experiments considers classical benchmark problems that are widely used to assess numerical
methods for singular perturbations. These problems are selected because their analytical behavior is well understood
and, in some cases, reference solutions are available.

Problem 1 (Nonlinear Convection—Diffusion Model).

eu" (x) + (1 + u(x)u'(x) + u(x)? = g(x),x € (0,1), 8.1)
with boundary conditions u(0) = Oand u(1) = 1. The source term g(x)is chosen such that the exact solution exhibits
a boundary layer near x = 0. Equation (8.1) represents a nonlinear convection—diffusion equation with solution-
dependent transport. The nonlinearity intensifies the boundary layer as edecreases.

Table 1. Numerical error for Problem 1 under decreasing «¢.

&  Nodes N L?Error L*Error
1072 24 1.2x107% 3.4x107°
107 32 9.1x1077 2.8x107°
107% 40 75x1077 2.1x107°

Table 1 reports the numerical errors obtained using the proposed method for decreasing values of the perturbation
parameter. The results demonstrate uniform accuracy with respect to &, achieved by increasing the effective number
of adaptively placed nodes near the boundary layer.

8.2 Boundary-Layer-Dominated Test Cases

To further assess the ability of the method to resolve sharp layers, test cases with extremely thin boundary layers are
considered.
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Problem 2 (Reaction—Diffusion with Strong Layer).

su (x) —u(x) +ux)® =0,x € (0,1), (8.2)
with boundary conditions u(0) = 1land u(1) = 0.

Equation (8.2) produces a boundary layer of width O(&)near x = 1. For very small &, uniform node distributions fail
to resolve the steep gradient.
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Figure 1. Adaptive node distribution for Problem 2 (¢ = 107°).

Figure 1 shows how the final adaptive collocation node distribution looks. There is a lot of nodes close to the right

boundary, which is where the boundary layer is. The inside area, on the other hand, is still sparsely discretized. This
shows that the adaptive strategy can find and fix layer regions..
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Figure 2. Numerical solution and reference solution comparison for Problem 2.
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Figure 2 shows how the proposed method's numerical solution compares to a very accurate reference solution. At the
plotted scale, the two curves look the same, which shows that the accuracy is very high, even for very small
perturbation parameters.

8.3 Performance Comparison with Existing Methods

To evaluate performance gains, the proposed stabilized adaptive spectral collocation method is compared with two
commonly used approaches:

1. Classical spectral collocation with fixed Chebyshev nodes.
2. A second-order finite difference method on a uniform grid.
Table 2. Performance comparison for Problem 2 (¢ = 107°).

Method Nodes = L?Error CPU Time (s)
Finite Difference = 10,000 3.6 x 10™* 0.82

Classical Spectral = 120 unstable —
Proposed Method = 36 8.4 x1077 0.11

Table 2 shows how effective and strong the suggested method is. To get moderate accuracy, the finite difference
scheme needs a grid that is too fine. Unresolved boundary layers make the classical spectral method unstable. The
proposed method, on the other hand, is much more accurate with fewer degrees of freedom and lower computational
costs..

8.4 Sensitivity Analysis of Adaptive and Stabilization Parameters

The final set of experiments examines the sensitivity of the method to key algorithmic parameters, namely the
stabilization parameter oyand the adaptive refinement threshold 6. The stabilization parameter is varied according to

oy =cN74, (8.3)
where cand gare positive constants.

Equation (8.3) controls the strength of stabilization applied to high-frequency modes.
Table 3. Effect of stabilization parameter on accuracy (Problem 1, ¢ = 107%).

q ¢ L?*Error Stability
0.5 1.0 6.2x1077 stable
1.0 1.0 59x1077 stable
20 1.0 58x1077 stable
— 0.0  unstable unstable
Table 3 shows that a wide range of stabilization parameters gives stable and correct results. The lack of stabilization
causes numerical instability, which shows that the stabilization mechanism is needed..

The adaptive threshold fgoverns how aggressively nodes are redistributed. Smaller values of Oresult in more
refinement.
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Figure 3. Effect of adaptive threshold 6on node concentration.

Figure 3 shows how nodes are spread out for different values of 8. Lower thresholds create denser clustering near
boundary layers, which makes the results more accurate but costs a little more to compute..

8.5 Summary of Numerical Findings

The numerical tests show that the proposed stabilized adaptive spectral collocation method is very accurate, stable
across all perturbation parameters, and able to quickly solve boundary layers. Benchmark problems show that adaptive
refinement leads to exponential convergence. Comparisons with other methods show that this method is much more
robust and efficient. Sensitivity analysis shows that the method doesn't depend too much on getting the parameters
just right, so it can be used on a lot of different types of nonlinear boundary value problems with only one small
change.

9. Discussion

The numbers from the previous section are discussed in this section along with their meanings. It discusses the
advantages and disadvantages of the suggested stabilized adaptive spectral collocation method as well as how stiff
nonlinear boundary value problems might be solved in practice..

9.1 Interpretation of Numerical Results

The numerical simulations demonstrate that the proposal method is always very pleasant and stable even without the
traditional uniformity of the singular perturbation parameters. It is worth nothing that the behavior of the numerical
error is same provided the perturbation parameter becomes smaller. The stabilized adaptive variant controls the growth
of errors, even for very small values of the perturbation parameter. This is not the situation for classical spectral
collocation methods, which become ineffective in stiff regimes rapidly. This behavior indicates that one can combine
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stabilisation with adaptive node refinement. The adaptive node distribution on the test cases where the boundary
layer is most significant, tells us more about how well our mehtod works! Collocation nodes are automatically
clustered in regions of rapid variation of the solution. Where the solution changes slowly, they are divided more
evenly. This procedure is efficient and can achieve exponential accuracy with relatively few degrees of freedom, since
only some part of the data is refined. Where the numerical solutions strongly approximate the reference solutions.
This means that the boundary layers are being resolved correctly and no false oscillations are being added.
Experiments that compare different methods show very clearly how limited they are. Finite difference methods need
very fine grids to capture thin boundary layers, which makes them very expensive to use. For smooth problems,
classical spectral collocation methods are very accurate. But when boundary layers aren't well defined, they don't stay
stable. The proposed method addresses this deficiency by maintaining spectral accuracy while ensuring effective
performance in rigid regimes..

9.2 Advantages and Limitations of the Proposed Approach

A leading advantage of the stabilized adaptive spectral collocation method is the ability to unify high order accuracy
and numerical stability. The stabilization method reduces high-frequency oscillations typically associated with stiff
problems, and the adaptive criterion ensures effective resolution of rapid boundary layer formation. The unification
approach also contributes to a uniform convergence with respect to the perturbation parameter, which is vital in
singularly perturbed problems, forming yet another great achievement of the method. Perhaps one of the greatest
achievements of the method is computational efficiency. The method concentrates collocation nodes locally,
minimizing unnecessary global refinements. Numerical simulations show that optimal grid adjustments allow
solutions to be represented with fewer degrees of freedom than uniform grid methods, consistently yielding
comparable results. The stabilizer also assists in forming a more stable, well-conditioned system of equations, which
lessens the burden of computation for the nonlinear solver. Despite these advantages, there are a few drawbacks that
should be noted. The global nature of spectral bases implies dense system matrices that could hinder scalability in the
case of very large-scale problems. Even if adaptivity reduces the effective problem size, the computation is still
proportional to R number nodes. Furthermore, the use of adaptive refinement and stabilization is algorithmically more
complex than classical spectral collocation techniques. Careful choice of parameters is required to strike a balance
between accuracy, stability and computational cost; however the sensitivity analysis showed that for moderate choices
of the parameter values, the method is not too sensitive..

9.3 Practical Implications for Stiff Nonlinear Systems

The results shown in this paper have important effects on how stiff nonlinear systems are simulated numerically. Many
real-world situations involve multiscale phenomena, where areas of rapid change and smooth solution behavior exist
at the same time. Convection-diffusion-reaction processes, nonlinear transport models, and boundary-layer flows are
some examples. When it comes to these kinds of problems, traditional low-order methods often don't work because
they require too much computing power, and classical high-order methods may not be stable. The suggested stabilized
adaptive spectral collocation method is a good option because it gives accurate and stable solutions at a reasonable
cost. It can automatically adjust to the features of the solution, which means that you don't have to design the mesh
for each problem separately. This makes it useful for complex nonlinear problems where the locations of the boundary
layers are not known ahead of time. The stabilization mechanism also makes the system more robust, which is very
important in engineering and industrial settings where reliability is key. Overall, the discussion shows that the
suggested method is a real step forward in how to solve singularly perturbed nonlinear boundary value problems
numerically. We need to make more progress before we can use this method on problems with more than one
dimension or that change over time, but the results we have so far are a good starting point for both practical and
theoretical progress in this area..
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10. Conclusions and Future Work

In this paper we have developed a stabilized adaptive spectral collocation algorithm to solve the singularly perturbed
nonlinear boundary value problems. The proposed method combines a selective stabilization with an adaptive node
refinement in order to deal simultaneously with the issues of stiffness and boundary-layer-dominated solution.
Theoretical analysis has shown that the technique produces discrete stability uniform with respect to the perturbation
parameter, and preserves high order accuracy available from spectral methods. These results have been verified by
numerical experiments and it is shown that the method exhibits exponential convergence on both adaptive refinement,
and fixed grids when compared to problems with arbitrarily small perturbation parameter. The obtained results
illustrate the effectiveness of the proposed framework on numerical simulation involving singular perturbations.
Through resolving boundary layers efficiently and eliminating spurious oscillations, this approach circumvents the
main restrictions of classical spectral collocation methods as well as low-order discontinuous approximations. The
ability to obtain the accurate solutions with only a few degrees of freedom makes the approach computationally
efficient for various stiff nonlinear PDEs in applied mathematics and engineering. A number of research directions
result from this work. A natural extension is the n-dimensional problems with generalizations to the multi-layer case,
where the boundary layers can have complicated geometrical structures. Another interesting direction is an extension
of the method to time-dependent singularly perturbed problems such as parabolic and hyperbolic problems with
mutiscale dynamics. Increased scalability could be achieved as well by investigating additional parallel versions and
hybrid spectral-local methods. Such extensions would generalize the stabilized adaptive spectral collocation to a wider
class of equations and thereby deepen its leading role within the numerical treatment of singular perturbations.
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